A quantum deformation of the adjoint action of the special linear group on the variety of nilpotent matrices is introduced. New non-embedded quantum homogeneous spaces are obtained related to certain maximal coadjoint orbits, and known quantum homogeneous spaces are revisited.
Introduction
The general linear group GL(n, C) acts (from the right) on the space M = M (n, C) of n × n matrices with complex entries by conjugation:
This is an instance of the adjoint (coadjoint) action of a reductive Lie group on (the dual of) its Lie algebra. For the relevance of coadjoint orbits in representation theory and mathematical physics see [16] .
Throughout this paper G stands for the special linear group SL(n, C). Note that two points of M belong to the same GL(n, C)-orbit if and only if they belong to the same G-orbit. For the sake of technical convenience we shall restrict Ad to G, and look for quantum deformations of the orbits. The precise formulation of the problem can be given in the language of affine algebraic geometry.
We shall write F(V ) for the coordinate ring of an affine algebraic variety V . The action Ad is encoded in its comorphism Ad
which (in addition to being an algebra homomorphism) is a right coaction of the Hopf algebra F(G) on the algebra F(M ). Take ξ ∈ M and its G-orbit O ξ in M . Recall that O ξ is closed if and only if ξ is semisimple (i.e. diagonalizable). The Zariski closure O cl ξ is an affine G-subvariety of M ; equivalently, its coordinate ring F(O cl ξ ) is a quotient F(G)-comodule algebra of F(M ). In other words, we have a commutative diagram
of algebra homomorphisms, where the vertical arrows are induced by restricting functions on M to O cl ξ .
Our base ring to define quantum algebras will be K = C[q] (q−1) , the localization of the polynomial ring C[q] in the indeterminate q at the maximal ideal (q − 1). In other words, K is the subring of the field C(q) of rational functions, consisting of the functions with no pole at 1. Denote by F q (G) the quantum coordinate ring of G; this is a K-Hopf algebra defined in terms of generators and relations (see Section 2) . Moreover, F q (G) is a deformation of F(G) in the following sense: F q (G) is a free K-module, and its quotient Hopf algebra modulo the ideal (q − 1)F q (G) is isomorphic to F(G). (It is more standard to work over the ring C[[h]] of formal power series when studying deformations of algebras, see for example [1] . However, all our constructions can be performed over K, and this choice of the base ring allows to relate our objects naturally to their classical counterpart in two different ways. The specialization q → 1 makes sense on the one hand, and on the other hand, it is also possible to extend scalars to C(q) and formulate the results in a representation theoretic flavour.) Definition 1.1 By a quantum deformation of an affine G-variety V we mean a (right) F q (G)-comodule algebra F q (V ) with the following properties:
commutes, where the horizontal arrows are the coaction maps, and the vertical arrows are the natural surjections with kernel generated by (q − 1). When V contains a dense G-orbit, we say that (F q (V ), ϕ) is a quantum homogeneous G-space.
Denote by P the subset of M consisting of the matrices ξ which have both of the following two properties:
(i) all non-zero eigenvalues of ξ have multiplicity one;
(ii) ξ has only one nilpotent Jordan block.
Note that for ξ ∈ P the G-orbit of ξ is maximal; that is, it has maximal possible dimension. For all ξ ∈ P we shall construct an F q (G)-comodule algebra F q (O cl ξ ), which is a quantum deformation of O cl ξ in the above sense. In particular, we obtain quantum homogeneous spaces of nilpotent matrices. The algebra F q (O cl ξ ) is defined as a quotient of the reflection equation algebra L q (M ) modulo an ideal generated by adjoint invariants.
Quantizations of coadjoint orbits of G given as quotients of the reflection equation algebra were considered in several papers, see for example [7] , [8] , [9] , [12] . The case of semisimple orbits is settled in [9] . Non-semisimple orbits of some special type are dealt with in [7] , [8] ; all of them are orbits of matrices with at most two eigenvalues, and with Jordan blocks of size one or two. The main reason that the methods of [7] , [8] are restricted to such orbits is that the reflection equation algebra has few characters. In other words, all complex solutions of the reflection equations are matrices of this special type by [23] .
There is a passage between the reflection equation algebra and the quantized coordinate ring F q (M ) developed in [2] , [21] . Exploiting this method, formulae from [5] provide a candidate for the ideal in the reflection equation algebra that should define F q (O cl ξ ) for ξ ∈ P . The main technical problem is to prove that the resulting quotient is a free K-module. This is handled by applying results of [4] , that are based on the fact that sufficiently many characters of F q (M ) are available to hit the orbit of each ξ ∈ P .
Main results
First we recall two types of non-commutative algebras associated with the R-matrix of the vector representation of the Drinfeld-Jimbo algebra U q (sl n ) (cf. [10] , [15] ). Let k be a commutative integral domain, q an invertible element in k, and R ∈ End k (k n ⊗ k n ) given by
0, otherwise (see for example Section 9.2 of [17] ). Set R := φ•R, where φ is the flip endomorphism a⊗b → b⊗a.
The quantum coordinate ring of n × n matrices is the k-algebra F k,q (M ) generated by the entries of X = [x i j ] n i,j=1 , subject to the relations
(with the notation of [26] ). It has a bialgebra structure: the comultiplication and the counit maps are given on the generators by ∆(x i j ) = x i s ⊗ x s j (we use the convention of summing over repeated indices), and ε(
is a central group-like element in F k,q (M ). The quotient bialgebra of F k,q (M ) modulo the ideal generated by (det q − 1) has an antipode S that makes it a k-Hopf algebra F k,q (G), called the quantum coordinate ring of the special linear group. We shall denote by t i j the image of x i j under the natural homomorphism π :
. We shall be interested in these algebras in the case when (k, q) is (K, q) or (C(q), q). Moreover, to simplify notation we write F q (M ) and
This algebra is called the reflection equation algebra in [20] , and the algebra of braided matrices in [22] . An important property of
is a quantum deformation (in the sense of Definition 1.1) of the SL(n, C)-variety M endowed with the adjoint action, where
Both F q (M ) and L q (M ) are graded, the generators having degree one. A crucial fact for us is that there is a K-module isomorphism Φ :
. This is explained in Section 7.4 of [21] , explicit formulae are given in (7.37); see also Section 10.3 in [17] . In particular, Φ(x i j ) = l i j for all i, j, and Φ is homogeneous. We shall denote by Ψ :
The quantum trace of an arbitrary n × n matrix M with entries m i j in a K-module is defined as
The elements Tr q (L i ), i = 1, 2, . . ., are coinvariants for the coaction of
We need to recall the basic F q (G)-coinvariants τ 1 , . . . , τ n in F q (M ) with respect to the coaction β, introduced in [5] . The first of them, τ 1 , is the quantum trace Tr q (X), the last of them, τ n is the quantum determinant det q . For a d-element subset I = {i 1 , . . . , i d } of {1, . . . , n}, the submatrix of X consisting of the entries with row and column indices belonging to I is a d × d quantum matrix, its quantum determinant will be denoted by det q (I, I). For d = 1, . . . , n, we have
where the summation ranges over the d-element subsets of {1, . . . , n}.
Now take an n × n complex matrix ξ from the set P defined in Section 1. In the G-orbit of ξ choose a block diagonal Jordan normal form
where J r is an r × r nilpotent Jordan block (r ∈ {0, 1, . . . , n}), and λ 1 , . . . , λ n−r are pairwise different non-zero eigenvalues of ξ. The map X → J(ξ) extends to a K-algebra homomorphism ev ξ :
. . , n. They are F q (G)-coinvariants with respect to the coaction β, hence they are central in L q (M ) by the results in [21] . Write I ξ for the ideal of L q (M ) generated by them. Since this ideal is generated by coinvariants, it is a subcomodule with respect to the coaction β. We define
We shall keep the notation β for the coaction of
Thus we obtained some new quantum homogeneous spaces. A particularly interesting extreme case is when ξ = J n , the nilpotent n × n Jordan block. Then O cl ξ is the set of all nilpotent n × n matrices, write N for this affine variety. It is the nullcone for the coadjoint action of SL(n, C) on the dual of its Lie algebra, a relevant object both from the point of view of invariant theory and representation theory, see for example [18] , [19] .
is a quantum deformation of the affine G-variety N of nilpotent n × n complex matrices.
Proofs
Proof. It is well known that every submodule of a free module over a principal ideal domain is free, see for example the remark after Theorem 5.3 in Chapter I of [3] . Therefore it is sufficient to prove that F q (G) is a free K-module.
We write F k,q (G) d for the k-submodule of F k,q (G) spanned by the products of degree at most d in the generators t i j . Then F k,q (G) d is the sum of the spaces of matrix elements of the tensor powers of exponent ≤ d of the fundamental corepresentation e j → e i ⊗ t i j (j = 1, . . . , n) of F k,q (G) (cf. Section 11.2.3 in [17] ). Since F C(q),q (G) and F(G) have essentially the same corepresentation theory (see for example [13] or [24] ), we have the equality dim
By definition K is a subring of C(q); write A for the K-subalgebra of F C(q),q (G) generated by the t i j . Since these generators satisfy the defining relations of F q (G), the algebra A is a homomorphic image of F q (G) (actually, they are isomorphic as we shall see below). Now we make use of the basis of the quantum coordinate ring of n × n matrices developed in [11] . It consists of certain (called preferred in loc. cit.) products of quantum minors. Although [11] works over a field, the arguments obviously show that as a K-module, F q (G) is spanned by the preferred products of quantum minors of size ≤ n − 1, and that the images of these elements in A span F C(q),q (G) as a C(q)-vector space.
From the classical theory we know that the number of preferred products of (quantum) minors of size ≤ n − 1 and of total degree ≤ d is dim C (F(G) d ). Hence by the above dimension equality we obtain both that the homomorphism F q (G) → A is an isomorphism and that F q (G) is a free K-module with basis consisting of the preferred products of quantum minors of size ≤ n − 1.
In particular, we may identify F q (G) with the K-subalgebra of F C(q),q (G) generated by the elements t i j (i, j = 1, . . . , n), and we shall make this identification for the rest of the paper. Similarly, F q (M ) is identified with a K-subalgebra of F C(q),q (M ) in the obvious way. Throughout this Section we shall use also the following convention. Given a K-submodule W of F q (M ), the symbol W stands for the C(q)-vector subspace of F C(q),q (M ) spanned by W . Moreover, for any K-module W we write W for the C-vector space obtained by taking the quotient of W modulo the submodule (q − 1)W , and write w ∈ W for the image of w ∈ W under the natural surjection. Note that by the defining relations of F q (G) it is clear that F q (G)/(q − 1)F q (G) is isomorphic to F(G), with an isomorphism mapping the generators t i j to the corresponding coordinate functions on G.
Lemma 3.2 The right ideal
Proof. Note that Φ is not an algebra homomorphism. However, if β(a) = a⊗1 for some a ∈ F q (M ),
. This follows from the formula of Theorem 7.4.1 in [21] (see also the formula of Proposition 34 (i) in Section 10.3.2 of [17] ), which expresses the multiplication in L q (M ) in terms of the multiplication in F q (M ). Therefore, Φ(J ξ ) is the right ideal in L q (M ) generated by Φ(τ 1 − τ 1 (ξ)), . . . , Φ(τ n − τ n (ξ)). This latter right ideal is a two-sided ideal, since it is generated by central elements.
Lemma 3.3 We have the equality
Proof. Take sets of monomials Γ i ⊂ F q (M ) (i = 1, . . . , n) in the variables x s t such that
is a C-basis of J ξ compatible with the filtration by degree. Using the corepresentation theory of F C(q),q (G), classical results of Kostant [18] , and a commutative algebra lemma (cf. Lemma 5.2 in [4] ), it was proved in [4] (see the last line of the proof of Proposition 5.3 in loc. cit.) that
is a C(q)-basis of J ξ . An arbitrary element f in the intersection J ξ ∩ F q (M ) can be uniquely written as a finite sum f = λ∈Λ a λ λ, where the coefficients a λ are taken from C(q). Assume that for some µ ∈ Λ, the coefficient a µ is not contained in K. Then there is a positive integer d such that (q − 1) d a λ ∈ K for all λ ∈ Λ, and (
we obtain that a non-trivial C-linear combination of the elements of Λ is zero. This contradiction shows that all the a λ are contained in K, hence f is contained in J ξ .
Proof of Theorem 2.1. The SL(n, C)-orbit of ξ ∈ P is maximal (i.e. is not contained in the closure of another orbit). Therefore the vanishing ideal of
is I ξ by classical results of [18] . Thus F q (O cl ξ ) satisfies (ii) and (iii) from Definition 1.1 by construction. The only thing we have to prove is that (i) holds as well, namely that
, and denote by β the C(q)-linear extension of the coaction β :
, and its restriction γ to F q (M ). The kernel of γ is J ξ by Theorem 5.4 of [4] . (To be more precise, the statement of [4] is about F C(q),q (GL(n, C)), instead of F C(q),q (G). This does not make any difference, as the proof of the cited result works word by word if we replace F C(q),q (GL(n, C)) by F C(q),q (G); alternatively, one can refer to the results of the last Section of [6] .) It follows by Lemma 3.3 that ker(γ) = J ξ . The image of the K-module homomorphism γ is contained in F q (G). Therefore F q (M )/J ξ is isomorphic to a K-submodule of F q (G), hence is free by Lemma 3.1.
Proof of Theorem 2.2 The elements Φ(τ
Proof. Denote by A, B, and C, respectively, the K-subalgebra of L q (M ) generated by the first set, the second set, and their union, respectively. These are graded subalgebras of L q (M ). 4 Non-embedded quantum homogeneous spaces
is isomorphic to A as an F q (G)-comodule algebra, where the coaction on the latter is the restriction to A of the comultiplication ∆.
(ii) The quotient K-module F q (G)/A is torsion free.
Condition (i) above is standard, see for example Section 11.6.1 in [17] . Condition (ii) ensures that the natural surjection of F q (V ) onto its 'classical limit' F q (V )/(q − 1)F q (V ) can be identified with the restriction to A of the natural surjection
The following result shows that our F q (O cl ξ ) is a non-embedded quantum homogeneous space for most ξ ∈ P . This indicates that the use of the interplay between L q (M ) and F q (M ) due to [2] , [21] combined with the 'orbit map' of [4] can not be replaced by an orbit map going directly from L q (M ) to F q (G) (like in [8] ).
Proposition 4.2 Assume that for ξ ∈ P , one of the following holds: (i) the size of the nilpotent Jordan block of ξ is at least three;
(ii) n ≥ 3, and the size of the nilpotent Jordan block of ξ is two; (iii) ξ has at least three (different) non-zero eigenvalues.
is not an embedded quantum homogeneous space.
Proof. Assume in the contrary that for a ξ satisfying one of the conditions (i), (ii), (iii), there exists a F q (G)-comodule algebra injection ι :
is torsion free as a K-module. Then we have a commutative diagram of algebra homomorphisms
where ε,ε denote the counit map of the corresponding Hopf algebra, and the vertical arrows are the natural surjections with kernel generated by q − 1. Since F q (G)/im(ι) is torsion free as a Kmodule, the mapῑ is also injective. Recall that F q (O cl ξ ) is defined as a quotient of L q (M ). Keep the notation l i j for the images of the generators of L q (M ) in F q (O cl ξ ), as well as in F(O cl ξ ). The fact thatῑ is injective implies that the complex n × n matrix B = [εῑ(l i j )] n×n belongs to the same G-orbit as ξ. On the other hand, this matrix is obtained by reducing modulo (q − 1) the n × n matrix B = [ει(l i j )] n×n with entries in K. Now B satisfies the reflection equation (1) . From the classification of solutions of the reflection equation given in [23] we see that it is impossible for a solution B that B has the same Jordan normal form as ξ (the paper [23] classifies complex solutions, but the proofs and the result can easily be extended to the case when C is replaced by the domain K). This contradiction finishes the proof.
Multiplicities of irreducible corepresentations
Let us recall that the corepresentation theory of the C(q)-Hopf algebra F C(q),q (G) is completely analogous to its classical counterpart for F(G) (i.e. the representation theory of G expressed in a dual language). Namely, F C(q),q (G) is cosemisimple, and its irreducible corepresentations are indexed by Ω, the set of dominant integral weights for G; see for example the book [17] . For λ ∈ Ω denote ϕ λ : V λ → V λ ⊗ C(q) F C(q),q (G) the irreducible corepresentation indexed by λ. Here V λ has a decomposition into a direct sum of weight subspaces having the same dimension as in the classical case of F(G). Given λ ∈ Ω denote by c(λ) the dimension of the trivial weight subspace in the dual of the irreducible SL(n, C)-representation with highest weight λ. It is proved in [18] that for any ξ ∈ M (n, C) whose orbit is maximal, the multiplicity of the irreducible SL(n, C)-module associated to λ in the coordinate ring F(O cl ξ ) is c(λ) for all λ ∈ Ω. The fact that F q (O cl ξ ) is an appropriate deformation of F(O cl ξ ) can be expressed in terms of corepresentation theory as follows. Extend scalars and set
has the same presentation in terms of generators and relations over C(q) as the algebra
is a right comodule algebra over F C(q),q (G) and we have the following decomposition of this corepresentation.
into a direct sum of irreducible corepresentations as
. This is a finite dimensional subcomodule, containing the free K-submodule
is mapped onto an r-dimensional classical weight subspace belonging to the same weight of G. Therefore the dimensions of the weight subspaces in F C(q),q (O cl ξ ) d agree with the dimensions of the corresponding weight subspaces in F(O cl ξ ) d . The multiplicities of the irreducible summands can be calculated from the weight multiplicities by the same rule for F C(q),q (G) as for F(G), hence the statement follows from the corresponding classical result for G.
Quantum spheres
Podleś [25] introduced a family of quantum 2-spheres, which became frequently cited examples in the literature on quantum homogeneous spaces. Here we point out that they can be obtained as coadjoint orbits in the case n = 2. In this Section we change the setup and take k = C as our base ring, so q ∈ C × is a non-zero complex number. The algebra L C,q (M ) in the special case n = 2 is generated by l 11 , l 12 , l 21 With the notation of [17] , for a pair of complex parameters α, β, the Podleś sphere O(X q,α,β ) is generated by x −1 , x 0 , x 1 , subject to the relations (71)-(74) on page 124 of [17] .
C,q is isomorphic to O(X q,α,β ), the Podleś sphere with parameters α = q −1 (q + q −1 ) −1/2 t, β = α 2 − (q −1 + q −3 )d. 
